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Nominal Exchange Rate Determinacy 
under the Threat of Currency Counterfeiting" 


By PEDRO GomIS-PORQUERAS, TIMOTHY KAM, AND CHRISTOPHER WALLER | 


We study the endogenous choice to accept fiat objects as media of 
exchange and their implications for nominal exchange rate determi- 
nation. We consider a two-country environment with two currencies 
that can be used to settle any transactions. However, currencies can 
be counterfeited at a fixed cost and the decision to counterfeit is pri- 
vate information. This induces equilibrium liquidity constraints on 
the currencies in circulation. We show that the threat of counterfeit- 
ing can pin down the nominal exchange rate even when the currencies 
are perfect substitutes, thus breaking the famous Kareken-Wallace 
indeterminacy result. (JEL D82, E42, F31) 


hen agents have unrestricted access to currency markets and are free to use 

any currency as a means of payment, Kareken and Wallace (1981) showed 
that the rate of return on the two currencies must be identical for both of them 
to circulate, e.g., they are perfect substitutes.) However, in this case, the nominal 
exchange rate between these currencies is indeterminate. 

Since Kareken and Wallace (1981), most standard models of international mon- 
etary economics have considered various departures from their original frictionless 
environment to generate determinate nominal exchange rates. These include curren- 
cies in the utility function, imposing restrictions on the use of currency for certain 
transactions, assuming differential transaction costs, or having differential terms 
of trade depending on the currency that is being used. By considering asymmetric 
treatment of currencies, the nominal exchange rate is determined as currencies then 
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' When currencies are identical in every respect, they are perfect substitutes. Consequently, the composition of 
currency portfolios is indeterminate for all agents. 
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become imperfect substitutes. Our objective is to resolve the nominal exchange rate 
indeterminacy problem while treating the two currencies symmetrically. 

In this paper, we study the endogenous choice to accept different fiat objects as 
media of exchange, the fundamentals that drive their acceptance, and the implica- 
tions for their bilateral nominal exchange rate. In particular, agents in this economy 
have no restrictions on what divisible fiat currency can be used to settle transac- 
tions. The key aspect of our approach is that we introduce currency fraud as in Li, 
Rocheteau, and Weill (2012). More precisely, we allow both fiat currencies to be 
counterfeited at a fixed cost. Potential sellers of goods cannot distinguish genuine 
from counterfeit currencies and, because of this private information problem, in 
equilibrium, they put a limit on how much of each currency they are willing to 
accept. The limits are chosen such that counterfeiting does not occur in equilibrium. 
The liquidity constraints are endogenous and depend on the relative inflation rates 
and the cost of counterfeiting. If one of the constraints is binding, the buyer spends 
all of that currency and uses some of the other currency to “top off” their desired 
purchase of goods. When both limits bind, the buyer gives up all of his currency 
holdings to purchase goods. 

The most interesting case we study is when the inflation rates and the costs of 
counterfeiting are exactly the same for each currency. In this case, the only differ- 
ence between the two currencies is a non-fundamental attribute, such as the color of 
the currencies. This corresponds exactly to the conditions underlying the Kareken 
and Wallace (1981) indeterminacy result. Nevertheless, in this case, we show that if 
the cost of counterfeiting is sufficiently low such that the limits bind, then the nomi- 
nal exchange rate is determinate and equal to the ratio of the two money stocks. This 
is interesting because it is the same equilibrium exchange rate that comes out of a 
standard two-country cash-in-advance model where domestic (foreign) goods must 
be purchased with domestic (foreign) currency. However, in our model, agents use 
both currencies to purchase goods. If the constraints do not bind, then the nominal 
exchange rate is indeterminate. 

While our model closely follows Li, Rocheteau, and Weill (2012) in terms of the 
counterfeiting problem, it differs in two key respects. First, they study counterfeiting 
of real assets and thus are able to use a finite horizon model. With fiat currencies an 
infinite horizon is required, which raises issues about the durability of counterfeit 
currency, which in Li, Rocheteau, and Weill (2012) is not a concern as the econ- 
omy ends in the same period that counterfeits are detected?) Moreover, because Li, 
Rocheteau, and Weill (2012) study real assets, relative price indeterminacy does not 
occur, whereas this is obviously critical when analyzing fiat currencies. 

Finally, allowing for counterfeiting is not standard in international monetary eco- 
nomics. While we have changed the environment by introducing a game of pri- 
vate information, we do so symmetrically such that no currency has a counterfeiting 
advantage over the other. After we present our main results, we describe how differ- 
ing counterfeiting costs affect the equilibrium of the model. 


Li, Rocheteau, and Weill (2012) consider an infinite horizon fiat money model in their original working paper. 
However, there is only one currency, and they make the same assumptions that we do regarding the durability of 
counterfeits. 
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In Section I, we review the literature, and in Section II, we describe the model 
environment. We define the monetary equilibrium and discuss the implications of 
exchange rate determinacy in Section III. In Section IV, we present more general 
results for the cases when inflation rates and counterfeiting costs differ. Concluding 
remarks are found in Section V. Longer proofs and some generalizations are given 
in our online Appendix. 


I. Related Literature 


Models in mainstream international monetary economics typically pin down 
the value of a currency by imposing asymmetric assumptions on what objects may 
be used as media of exchange. For instance, Stockman (1980) and Lucas (1982), 
among others, assume that in order to buy a good produced by a particular country, 
the producing country’s currency must be used to pay for goods. That is, in these 
environments, the demand for a specific fiat currency is solely driven by the demand 
for goods produced by that particular country. Other researchers have introduced 
local currency in the utility function as in Obstfeld and Rogoff (1984) and Devereux 
and Engel (2003) or have assumed differential trading cost advantages through net- 
work externalities as in Uribe (1997). Devereux and Shi (2013) study a trading post 
model under the assumption that there is only bilateral exchange at each trading 
post. Assumptions of this sort determine which currency is used to pay for goods. 
Consequently, they yield determinacy in agents’ portfolio holdings of any two fiat 
currencies and therefore determinacy of the nominal exchange rate. 

Another strand of the international finance literature studies endogenous currency 
pricing as in Gopinath, Itskhoki, and Rigobon (2010). In this literature firms choose 
whether to price their goods in domestic currency or foreign currency. The choice 
of pricing, in conjunction with sticky prices, has implications for exchange rate 
movements. On the face of it, this sounds as if the firm is choosing which currency 
to accept as payment. This is not the case—the choice of currency pricing is not 
equivalent to the choice of currency payment. To illustrate, a firm could choose to 
price in dollars rather than euros and post a price of $1 for a unit of goods. But this 
does not say the firm accepts only dollars as payment. The firm may accept $1 as 
payment, accept the foreign currency equivalent at the prevailing exchange rate, 
or some combination of the two. Clearly, fluctuations in the exchange rate affect 
the quantity of the foreign currency that is paid but the firm is always receiving 
the equivalent payment of $1. This is exactly what Kareken and Wallace (1981) 
do—firms price in domestic currency but accept either currency as payment. For 
example, in some New Keynesian international macroeconomic models, such as 
Clarida, Gali, and Gertler (2002), firms price in domestic currency. In these models, 
the response of the nominal exchange to shocks in the economy is well-defined. 
However, the steady state nominal exchange rate is indeterminate since there are no 
restrictions on currency payments.?) So the choice of currency pricing in and of itself 
has no implications for nominal exchange rate determinacy. 


3TIn the international New Keynesian models, the assumption of local currency pricing is often imposed. 
However, this does not imply payment has to be made in the local currency. 
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In the early search theoretic models of money, agents are able to choose which 
currencies to accept and use for payment. This literature shows that multiple curren- 
cies can circulate even if one is dominated in rate of return and the nominal exchange 
rate is determinate (see Matsuyama, Kiyotaki, and Matsui 1993; Shi 1995; Zhou 
1997; Wright and Trejos 2001; Waller and Curtis 2003; Craig and Waller 2004; and 
Camera, Craig, and Waller 2004). In these models, currency exchange can occur in 
bilateral matches if agents’ portfolios are overly weighted towards one currency or 
the other. In fact, this leads to a distribution of determinate nominal exchange rates. 
However, these findings are driven solely by the decentralized nature of exchange, 
since agents never have access to a centralized market to rebalance their portfolios. 
Once agents have the ability to rebalance their currency holdings, be it by the large 
family assumption as in Shi (1997), or the periodic centralized market structure as in 
Lagos and Wright (2005), nominal exchange rates are indeterminate as in Kareken 
and Wallace (1981). To resolve this problem, Head and Shi (2003) consider an envi- 
ronment where the large household can hold a portfolio of currencies but individual 
buyers are constrained to hold only one currency. So although the household endog- 
enously chooses a portfolio of currencies, bilateral exchange requires using one cur- 
rency or the other, but not both simultaneously. Similarly, Liu and Shi (2010) assume 
that buyers can offer any currency but sellers can accept only one currency. The main 
contribution of our paper relative to the previous search literature is that we include 
Walrasian markets with centralized exchange without assuming restrictions on cur- 
rency exchange or differential pricing protocols—and yet we can obtain nominal 
exchange rate determinacy, even when the currencies are perfect substitutes. 

The work closest in spirit to ours is Nosal and Rocheteau (2011, chapter 10.2) 
and Zhang (2014). These authors have environments where private agents can freely 
choose which currency to transact with when trading among themselves. Nosal and 
Rocheteau (2011) consider a two-country variation of the Lagos and Wright (2005) 
framework and consider a trading mechanism in decentralized markets whereby 
a buyer obtains better terms of trade in a country by using the domestic currency 
rather than the foreign one. Despite the asymmetric treatment of the currencies, 
there are no unexploited gains from trade in decentralized market (DM) so that the 
outcome is pairwise Pareto efficient and nominal exchange rates are determined. In 
contrast to these authors, we consider an alternative trading protocol that does not 
give an advantage of one currency over the other. Finally, Zhang (2014) considers an 
open economy search model with multiple competing currencies and governments 
that require transactions to be made in a local currency. Buyers can always cost- 
lessly produce counterfeit currencies while sellers face a recognizability problem, 
as in Lester, Postlewaite, and Wright (2012). The recognizability problem is only 
in terms of foreign currencies, thus treating currencies asymmetrically and giving 
one currency an advantage over the other. In this paper, sellers face a counterfeiting 
problem for both domestic and foreign currencies. 


II. Model 


Consider a two-country model with each country having a non-tradable and trad- 
able sector. Each country is labeled as either Home or Foreign and has a continuum 
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of agents of measure 2. Time is discrete and indexed by t € N: = {0,1,2,...}. 
All agents discount the future at rate 3 < 1. For ease of understanding, we will 
describe the model environment from the perspective of the Home country keeping 
in mind that there is a symmetric Foreign counterpart. 

As in Lagos and Wright (2005), in each country there is a sequential 
decentralized-then-centralized market (DM-CM) trading structure every period. In 
the DM, a perishable good is traded between Home agents only | We refer to this mar- 
ket as the non-tradable sector as in Gomis-Porqueras, Kam, and Lee (2013). Traders 
in this market are either consumers of the DM good or producers of the DM good. 
DM types are permanent and both have measure 1. Consumers receive utility u(q) 
from consuming gq units of the DM good with u(0) = 0, u'(q) > 0, and u"(q) < 0. 
Producers incur the disutility cost c(q) from producing q units of the DM good with 
c(0) = 0, c'(g) > 0, and c"(q) > 0. The first best quantity g* € (0, 00) satisfies 
u'(q*) = c'(q*). Consumers and producers meet pair-wise via random matching 
and bargain over the terms of trade. 

Since all agents are anonymous in the DM, credit is not feasible. Hence, a medium 
of exchange is essential for trade in the DM. Towards this end, consumers can use 
either the Home currency and/or Foreign currency to pay for g. We label consum- 
ers in the DM as “buyers” and producers as “sellers.” As will be discussed in more 
detail below, buyers have the ability to counterfeit each currency before trading in 
the DM and sellers do not have the ability to distinguish between counterfeit cur- 
rency and genuine currency as in Li, Rocheteau, and Weill (2012). Throughout the 
rest of the paper we assume that buyers can commit to the terms of trade prior to 
the counterfeiting decision. Solving this recognizability problem, characterizing the 
resulting allocations and explaining how nominal exchanges can be determined are 
the key contributions of our paper. 

In the CM, both Home and Foreign agents can produce and consume a homog- 
enous perishable good that is traded internationally in a perfectly competitive, fric- 
tionless market. Home agents get utility /(C) from consuming C units of the CM 
good and incur disutility N from producing N units of the CM good. Since this 
market is frictionless, agents can consume and produce the CM good and they are 
not anonymous; currencies in this market are not essential for exchange. Agents can 
adjust their currency portfolios in the CM by selling goods for cash, buying goods 
to reduce cash holdings, or trading money claims in a complete international market. 
In this sense, we refer to the CM as the tradable sector (see also, Gomis-Porqueras, 
Kam, and Lee 2013), which corresponds to the tradable sector in many international 
macroeconomic models. The goods price of domestic currency in the CM is denoted 
by ¢ = 1/P, where P is the Home currency price of the CM good. Let e be the 
current nominal exchange rate which measures the value of one unit of Foreign cur- 
rency (f) in units of the Home currency. Since there is frictionless trade in the CM, 


4The restriction that only the Home agents trade in the DM is for notational and presentational simplicity. A 
richer environment where Foreign agents can trade with domestic ones in DM does not change the private infor- 
mation game between buyers and sellers that is at the heart of our results. A formal argument that this is the case is 
shown in our online Appendix. 
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the law of one price holds. Thus, we have that P = eP/, where P’/ is the Foreign 
currency price of the CM good. We can rewrite this as ¢/ = e@. 

Finally, in order to make a meaningful distinction between genuine and counter- 
feit currencies, we follow the approach of Nosal and Wallace (2007) and assume 
that all counterfeit currencies disintegrate at the end of the DM? This makes it 
costly for DM-sellers to accept counterfeit currency as payment. Although this is an 
extreme assumption, it simplifies the analysis greatly. 

In the date-t CM, the DM-buyers in each country commit to the terms of trade in 
anticipation of the following DM trade, and make their counterfeiting decisions. This 
is done before they enter their own country’s DM in date f + 1. Hereinafter, we denote 
these sequential markets, respectively, as CM(t) and DM(t + 1). Counterfeiting is 
costly, requiring a fixed disutility cost of « to counterfeit the Home currency and a 
fixed cost «/ to counterfeit the Foreign currency. While these costs can be different 
in general, for now we impose & = «/ to eliminate any differences in counterfeiting 
costs. We will expand on the details of the counterfeiting decision later.® 

Let M and M/ denote the stock of Home and Foreign currency, respec- 
tively. We assume that the supply of the fiat currencies grow at a constant rate 
of y and y/, respectively. Lump sum transfers of Home and Foreign currencies 
are made to the respective country’s DM-buyers at the beginning of each CM 
7, = M41 —M, = (y— 1)" Mo and = Mi, — Mf = (of - 1) (o)' "M9, 
respectively,’ The initial stocks My and M a are known. The gross real returns on each 
currency from CM(t) to CM(t+ 1) are given by R, = $,41/¢, = P;/Pi41 = 1/1; 
and Ri = 17 fs, where II, and lf are the CM inflation rates at home and abroad. 

As with the counterfeiting costs, in general, the growth rates of the two currencies 
can be different; but for the purposes of obtaining our main result, we will impose 
7 = 7. This will ensure in equilibrium that the rates of return on the two currencies 
are the same. 


A. Decentralized Market 


At the beginning of each DM, a seller s is randomly matched with a buyer b. 
The buyer enters with a portfolio A := (a, af ) consisting of nonnegative amounts 
of genuine Home currency, Foreign currency, and counterfeits, where a = m + z 
is the sum of genuine and counterfeit Home currency, and a! = m/ + z/is the sum 
of genuine and counterfeit Foreign currency. The buyer makes a take-it-or-leave-it 
(TIOLI) offer w := (q,d,d") that specifies the quantity g that a seller must produce 


° Alternatively, we could assume that all counterfeits are detected in the CM, confiscated, and destroyed. Our 
assumption allows us to avoid a discussion of the detection technology and ways of avoiding it. 

© We refer the reader to our working paper, Gomis-Porqueras, Kam, and Waller (2015), to see how the nominal 
exchange rate is determined in a closed economy environment with two currencies. 

7 Observe that no transfers are made to DM-sellers as they would have no use for it in the immediate DM. These 
DM-sellers would just bring the additional money transfer with zero inflation cost into the CM, since this occurs 
within the same period. In turn, they can afford to work less in the CM without altering their consumption allocation 
since they have quasi-linear preferences. Thus, it is without loss to our result that we assume that transfers are made 
to DM-buyers only. Also, if we were to assume that seigniorage revenues were transferred to agents at the start of 
the CM, the effect of money supply growth would just wash out in the CM in terms of having any real effects since 
with quasi-linear preferences, all agents would just work less in the CM. 


262 AMERICAN ECONOMIC JOURNAL: MACROECONOMICS APRIL 2017 


in DM in exchange for d units of the Home currency (genuine and counterfeit) 
and d/ units of the Foreign curetcy (genuine and counterfeit)." It follows that 
d = m, + z,and d! = m’, + Zh Feasibility requires d < aand d/ < al 

The seller cannot recognize whether the buyer is offering genuine fiat currencies 
or not. Thus, she must assign a belief as to the genuineness of the currencies. The 
seller chooses the probability of accepting the offer. The seller’s problem is 


max 77(w) {—c(q) + W*(y(w) d, 71 (w) d!)\ + [1 - m(w)| w*(0, 0), 


m(w) 


where }(w) and #)/(w) are the seller’s beliefs that the Home and Foreign currencies 
are genuine, and W* denotes the CM value function for the seller. 

Given an offer and counterfeiting strategy (w, n(w), n/(w)) determined in a pre- 
ceding CM, and given the buyer’s belief 7(w) about a seller’s probability of accept- 
ing his offer, the induced beginning-of-DM value to a buyer with portfolio (a, a’) is 


(1) v°(a, af) = — of{ u(g )+ Wn (w)(a — d), nf (w)(af — a’)|} 
+ [1 — o7(w)| W?|n(w)a, 1 (w) al). 


Since DM-sellers have no need for currency in the DM, their asset holdings are 
zero. Thus, the value function for a DM-seller is given by 


(2) V¥(0,0) = max{ on (w)[-e(a) + Wnlw)d, f/w)a") 


- [1 — on (w)|W°(0, 0) }, 


where m(w) is the probability the seller accepts an offer w from a randomly encoun- 
tered buyer, and w*( 0, 0) is the payoff from walking away from a trade. 


B. Centralized Market 


To simplify exposition, we suppress definitions of strategies and the strategy space 
and refer the reader to Gomis-Porqueras, Kam, and Waller (2015) for more details. 
In what follows, we denote period t — 1 variables with the subscript —1 and so on. 

Denote m and m/ as the quantities of genuine currency brought into the CM. 
Likewise, m., and mi, are the quantities of genuine currencies acquired in the CM, 
and z,, and a are the quantities of counterfeits of each currency taken into ¢+ 1. 


If the buyer does not pig to, then z,; = = = 0. For convenience, let 


(44,4541) = (m, i+z%, am, 1H + z/ ‘Ne Genuine real money balances of Home 


®Tn our online Appendix, we also consider an alternative proportional bargaining protocol due to Kalai and 
Smorodinsky (1975). Our main result is robust to this change of trading protocol. 
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and Foreign currency are given by @m and ¢em/, respectively. The flow budget 
constraint of a DM-buyer in the current CM is 


(3) C+om,, + dem), = N+ dm + dem! + or. 
The DM-buyer, in the current CM, chooses (C,N,7(w),n/(w), a4, rae ) to attain 
(4) W(m,mf) = max{U(C) —N—K(1—nw)) —«/(1 —/(w)) 

+ BV"(ay1,a%,1) : (3)}. 


The seller entering the CM with (m, smi ) quantities of genuine currency faces the 
following problem: 


W'(m,,m{) = max{U(C) — N+ BV*(0,0) :C = N+om,+ emf}. 
Substituting the budget constraint to eliminate N, we have that the CM value 
functions are linear in currency holdings brought into the CM. In particular, we have 
that 
(5) W? (mm!) = o(m+emf+r) + W°(0,0), 
(6) W*(m,,m!) = o(m,+emf{) + W(0,0). 
It follows that the buyer’s and seller’s CM consumption satisfies U/'(C*) = 1. Thus, 


C* is independent of the portfolio choice. Using (1) with (5), updating one period 
and rearranging terms, yields 


(7) max {uc — o(m+ emf + 7) + BW*(0, 0) 


wn .1(w).n4(w) 


- (4- Jouame = xi — n(w)) 


7 ( oe 3) buesim', — (1 — nw) 


P41€41 


Pred) Heide paced) \ 


The second line and third line of this equation show the expected holding cost (equiv- 
alently inflation cost) of acquiring currencies in t for use in t + 1. The marginal cost 
of acquiring a unit of genuine Home currency (in real terms) is ¢_,;/¢—( > 0 
and ¢_,;e_;/¢e— 3 > 0 fora unit of real Foreign currency. The rest of the terms 
are the expected total fixed cost of counterfeiting both currencies. In the fourth line, 
we have the expected surplus from DM trade. 
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Similarly, for the seller we have that 


(8) W°(m,,mf) = U(C*) — o(m, + emf) + BW*(0,0) 


+ max { dorm.(w) [-<( a1) + Aw) b41d41 + (w) bred 4 \. 


Te 4(W 


C. Counterfeiting Game 


Since the seller is unable to distinguish between counterfeits and genuine cur- 
rency, whereas the buyer knows what he holds, we have a private information bar- 
gaining game. In the environment we examine, buyers are able to post offers in the 
CM and commit to honoring them in the ensuing DM. Based on these posted offers, 
the buyer first chooses the probability of counterfeiting. Then the buyer decides on 
her portfolio, A(w), and CM consumption and effort, C and N. After buyers and 
sellers are matched in the DM, the seller can choose to trade with the buyer at the 
posted offer.) Below we describe the sequence of events in the counterfeiting game 
that buyers play with sellers. 


(i) A DM-buyer announces a TIOLI offer w := (¢41,d41, d!, ,) and commits to 
w before making any other decisions in CM(r). 


(ii) The buyer chooses the probability of counterfeiting the fiat currencies, 
1 nw), 1 —n!/(w) € [0.1]. 


iii) The buyer then decides the portfolio A; (w) and CM consumption and effort 
(iii) y P 41 p 
C and N. 


(iv) The buyer enters DM(t+ 1), and Nature randomly matches the buyer with a 
DM-seller with probability o. 


(v) The DM-seller trades according to the proposed offer w with probability 
mw) € (0, 1]. 


Solving the Private Information Game.—In order to solve the game, we proceed 
by backward induction from DM(t + 1) to CM(t). Again, we focus on the events in 
the Home country as similar conditions can be derived for the Foreign country. 


° This extensive-form game is the same as the endogenous signaling game in Li, Rocheteau, and Weill (2012), 
where the reordering-invariant refinement proposed by In and Wright (2016) is used to construct the equilibrium. 
We thank one of the referees for making this point. 
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In the last stage of the game, in DM(t + 1), the seller maximizes expected profit 
by playing a mixed strategy 7, where 


(9) mi(w) € { arg max 71 (w)[—c(qy1) + du1(A(w) du + P(werid4)| \, 


T1(W)€[0, 1] 


taking as given a buyer’s offer w and the seller’s beliefs about the buyer’s counter- 
feiting probabilities, (7)(w) ,#/(w)). 

In the penultimate stage, in CM(t), the buyer chooses the counterfeiting lottery 
(n(w),/(w)) to solve the following cost-minimization problem 


(10) { —Bo41(w) [n(w) b41dur +7) dxrey1d4i]—K(1 — nw) 


+1€41 


—«/(1— 7) -(¢ = 3) Pyjmyy — (; _— 3) barerimla}, 


given his earlier commitment w and his beliefs about a seller’s acceptance probabil- 


ity 7(w). 
The buyer chooses a TIOLI offer at the beginning of the game to maximize his 
payoff given the conjecture (7}(w), #/(w), 7(w)) of the continuation play. The buyer 


commits to an optimal offer w := (G41,d41, ad’, ) to maximize 
(11) {Boros (w)[u( Gir) — O41 (Hw) dy + H4(w) 041441) |—K(1 — A(w)) 


-Ah-Wa -($- rn (85-8) ur 


+1€41 


Equilibrium in the Game.—Having specified the seller’s and buyer’s respec- 
tive problems, we can now characterize the resulting equilibrium in the private- 
information bargaining game in each country. We show this characterization for the 
Home country,!9 From here on, for ease of notation, we will lag the buyer’s and 
seller’s events by one period. 


PROPOSITION 1: An equilibrium of the counterfeiting-bargaining game is such 
that 


(i) each seller accepts with probability 7(w) = m(w) = 1; 
(ii) each buyer does not counterfeit: (f(w),#4(w)) = (n(w),nf(w)) = 0); 


and 


10 4 symmetric description can be written out for the Foreign country. 
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(iii) each buyer’s TIOLI offer w := (q,d, d‘) attains 


(12) max { — ec — 5) om — (244 = 5) gem! + Bo|u(q) = old =F ed’)| \ 


q.d,d! é 


subject to 


(@w: O<d, 
(nu) s dsm, 
(Vf): O0<d, 


Ot eds 5 Jb — AI) 


f 


fy). if Ki 
(A): dedl< a a ar 


and the equilibrium is unique. 


The constraints in the characterization above have been written with their respec- 
tively Lagrange multipliers denoted in Greek letters in parentheses. The first five 
constraints of (12) are self-explanatory. The last two, which are the key equilib- 
rium constraints for our results, have the following intuition. Since the buyer does 
not counterfeit, we have z = z/=0 and d=™m, d! = mf for o_;/¢ > 6 and 
o_,e_;/de > @. Furthermore, there is no reason to incur the costs of acquiring 
genuine currencies and then make an offer that the seller will reject, so 7(w) = 1. 
If the buyer counterfeits, then the marginal cost of producing a counterfeit is zero, 
while the marginal cost of acquiring genuine currency is positive. In this case, 
m,m/ = 0. Similarly, there is no reason to incur the cost of counterfeiting if the offer 
is rejected by the seller, thus 7(w) = 1. 

Slightly abusing notation, let W” [n, nf | denote the value to a buyer under the pure 
strategies 7(w),/(w) € {0, 1}, where 7 = nf = 1 represents “no counterfeiting of 
currencies.” For no counterfeiting to be an optimal strategy, it must be the case 
wl, 1] > w?(0, 1], W?[1, 0], W?[0, OF Using the expression for the CM value 
function of the buyer, wl, 1] 2 w’(0, 1] reduces to 


-($~ 5) ba (S451— 3) deal + solug) - (a+ ea’) 


> -n— (S151 5) dea + salu(a) — dea], 
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which collapses to the second-to-the-last constraint in (12). A similar exercise for 
w? (1, 1] > w? (1, 0] yields the last constraint in (12). Finally, it is straightforward 
to show that if the previous two conditions are satisfied, then w? Ee 1] > w? (0, 0| 
holds as well. We provide the detailed proof behind this intuition in our online 
Appendix. 

In other words, in order to prevent counterfeiting, the seller must put a limit on 
how much of each currency he is willing to accept. If he is willing to accept more 
than this limit, then the cost of acquiring genuine currencies is too high so the buyer 
will choose to counterfeit. Alternatively, above these limits, the marginal cost to the 
buyer of increasing d and d‘ is zero, hence the seller must make the marginal benefit 
of doing so equal to zero. This is achieved by not accepting an offer (d, df ) above 
these limits. 


Ill. Monetary Equilibrium 


We can now embed the equilibrium characterization of the private information 
games for the Home and Foreign countries into the monetary equilibrium of the 
two-country model. Since preferences are quasi-linear, the infinite history of past 
games between buyers and sellers does not matter for each current period agents’ 
decision problems. This allows us to tractably incorporate the equilibrium charac- 
terization of the game previously described into the overall dynamic general mon- 
etary setting. Before we do so, we return to describing the Home agents’ dynamic 
decision problems. 


A. Home Agents’ Recursive Problems 


By using the characterization of the counterfeiting game from Proposition 1, the 
DM-buyers’ dynamic problem, lagged one period, simplifies to 


(13) 24+ ae {- (S = 3) om 


-| (25+ - 8) dem! + do(ula) ~ 4 — dea") \ 


subject to 


(v): O<d, 
(VF): O0<d", 
(uw): d<m, 
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(A): @ 


K 
‘= = pie) 


re if rf 
(Ns eS Fe ]/be — BL — ay’ 


where Z_,; = U(C*) — d(m_, +e im, +7_,) + 8W°(0,0), and the Lagrange 

multiplier for each constraint is listed in parentheses. As before, the first five con- 

straints are straightforward. However, equilibrium in the private information bargain- 

ing game introduces the last two liquidity constraints into the buyer’s problem in (13). 
The corresponding first-order conditions are given by 


ite) 0 = Bou'(g) —¢e'(q), 
(15) Bo = C+v—-p-d, 

(16) Bo = C+ —-pl_-y, 

a) w= op, 

(18) pf = S18a1_ 9g 

(19) (2 0v StS 04 > ty S05 OY = 0, 


for every dater > 1. 

Equation (14) corresponds to the first-order condition for DM output, which 
equates the marginal benefit of consuming and the marginal value of the payment to 
the seller. Since the buyer makes a TIOLI offer, the payment is equal to the seller’s 
DM production cost. Equations (15) and (16) summarize the optimal choice with 
respect to the two nominal payments: they equate the value of holding a particular 
fiat currency from one CM to the next versus trading it in DM. Finally, equations 
(17) and (18) describe the optimal accumulation of each currency, which of course 
depends on their implied rate of return. 


B. Steady-State Monetary Equilibrium 


We now focus on steady-state monetary equilibria where the nominal exchange 
rate can grow at a constant rate. In steady state, all real quantities are constant such 
that 6M = ¢_,M_, and e@Mf = e_1¢_,M",. It then follows that IT = as =%7 
= M/M_,, and the steady-state Home currency (gross) depreciation/appreciation 
satisfies 


(20) e-7tit 
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Since we impose that the two currencies grow at the same rate, we have y = y/, thus 
e/e_; = 1 so there is no currency appreciation or depreciation. In what follows, 
we explicitly assume II > (3. We will discuss the case of I = ( later. 

Since we assume II = II > 4, it is straightforward to show that d = m and 
d’ = m/’. In short, buyers do not acquire costly currency that they do not intend 
to use. As a result, we have ¢ > 0, v= vl = 0, = Te > 0. What remains to 
be determined is whether \ = \f = 0 or \ = ’ > 0. We also impose & = x/ 
= & = &/so that the counterfeiting costs are the same across currencies and across 
countries. We can now state the main proposition of our paper. 


PROPOSITION 2: /f\ = ’ > 0, thene = M/M". 


The key point of this proposition is that even when both currencies are perfect 
substitutes, e.g., they have the same rates of return and counterfeiting costs, the 
nominal exchange rate is determinate when both liquidity constraints bind. Thus, 
we have broken the nominal exchange rate indeterminacy result of Kareken and 
Wallace (1981) 14 The fact that sellers face a game of private information gener- 
ates an upper bound on how much of each currency they are willing to accept in 
exchange for goods. The no-counterfeiting restrictions in turn create endogenous 
liquidity constraints for the DM-buyer. Note that if the cost of counterfeiting is low 
and/or the cost of holding genuine currency is high, then DM-buyers are more will- 
ing to engage in counterfeiting. To offset this, DM-sellers have to be more restric- 
tive in the real quantities of each currency that they will accept. Thus, the buyer 
knows he must bring in a portfolio of currencies with aggregate value 2 / (1 = 
BU - a)|. The liquidity constraints prevent the buyer from freely substituting 
across currencies to achieve this aggregate value since he can bring in no more 
than «/[II — G(1 —o)] of either currency. Hence, the liquidity constraints pin 
down the composition of the buyer’s currency portfolio and thus the nominal 
exchange rate !>| 

It is worth noting that the determinate nominal exchange rate obtained above is 
the same as what comes out of a symmetric, two-country cash-in-advance (CIA) 
model as in Stockman (1980) and Lucas (1982). While one may be tempted to say 
that we have provided a “micro-foundation” for the two-country CIA model, this 
would be incorrect for two reasons. First, our result holds only for a limited set of 
parameter values. Second, in the standard CIA model, only one of the currencies is 
used per transaction (by assumption), whereas here both currencies are used in the 
same transaction. 


'l The main insight of this paper is that when sellers face private information regarding the quality of the fiat 
money, endogenous liquidity constraints arise, and they can help determine the nominal exchange rate. This equi- 
librium feature is not unique to buyers’ take-it-or-leave-it offers. In the online Appendix, we consider proportional 
bargaining as an alternative trading protocol. We show that when the two liquidity constraints bind, the nominal 
exchange rate is also the ratio of the money supplies. 

'2 Consider the case where k = «/ and & = k&/ but « 4 &. In this case, although the currencies are perfect 
substitutes within a country’s DM, they are not perfect substitutes when comparing DMs. It is straightforward to 
show in this case that if all liquidity constraints bind, we obtain e = kM/kM". As a result, the relative costs of 
counterfeiting directly influence the exchange rate even though no counterfeiting occurs in equilibrium. 
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Another interesting aspect of this equilibrium is that, although there is no 
counterfeiting in equilibrium, the threat of counterfeiting is sufficient to generate 
determinacy of the nominal exchange rate. We find this interesting because it sug- 
gests counterfeiting may be an important factor affecting the equilibrium allocation 
and nominal exchange rate determinacy. In this sense, it is similar to Kehoe and 
Levine (1993) and its related literature in which default affects the equilibrium allo- 
cation but is not observed in equilibrium. 

In addition, we have the following observation regarding efficiency. 


COROLLARY 1: The Friedman rule Il = £ is not sufficient to generate the first- 
best outcome. 


The proof is straightforward. From the first-order conditions in (14)—(19), observe 
that if II = Gbut A > 0, we have 


2 Bole = 1 > 0, 


which implies g < q* in this equilibrium. Since g solves c(q) = / 3c, we sim- 
ply need restrictions on the size of the parameter values to ensure that G < q*. 
The key takeaway from this corollary is that the threat of counterfeiting creates an 
additional friction on the demand for real balances that the Friedman rule does not 
necessarily overcome. 

Having stated our key proposition on nominal exchange determinacy, we now 
have the following result. 


PROPOSITION 3: /f\ = \° = 0, then e is indeterminate. 


The crux of the problem is that we cannot pin down the composition of the sell- 
er’s portfolio since buyers can perfectly switch from one currency to the other to 
acquire the DM good. Consequently, buyers are indifferent as to the quantities of 
real balances of Home and Foreign currency they hold. Thus, in the absence of 
binding liquidity constraints, we get the standard indeterminacy result when the 
currencies are perfect substitutes. It is easy to show that this equilibrium occurs 
if it is very costly to counterfeit currencies. The key point of this proposition is 
that nominal exchange rate determinacy does not hold for all parameter configu- 
rations of the model as it does in a CIA model or a money in the utility function 
model. 


IV. General Results on Determinacy 


Our main objective was to show that the nominal exchange rate can be deter- 
minate even though the currencies are perfect substitutes, differing only by a 
non-fundamental attribute such as color. However, in general, we can consider cases 
where the counterfeiting costs and the inflation rates differ across countries. Doing 
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so admits a wide variety of equilibrium outcomes. While we do not delve into the 
details here, we can state the following proposition.!> 


PROPOSITION 4 (Equilibria and Coexistence): Depending on the relative inflation 
rates of the two fiat currencies, there are three cases characterizing a steady-state 
monetary equilibrium. 


(i) When currency f dominates in rate of return (IL > IV) and 


(a) when neither liquidity constraints bind (\ = \' = 0), or when only 
the liquidity constraint on the dominated fiat currency binds (A > 0, 
' = 0), then a monetary equilibrium exists with the unique outcome 
where only the low-inflation currency circulates; or, 


(b) the liquidity constraint on currency f binds (\f > = 0), then there 
exists a monetary equilibrium with a unique outcome where the cur- 
rencies coexist as media of exchange and the nominal exchange rate is 
determinate: 


M Kt 
M c(q)[l — B01 — @)] — 8" 


— 


where q solves 


(c) both liquidity constraints bind (’ > 0, > 0), then there exists a 
unique monetary equilibrium where the currencies coexist and the nom- 
inal exchange rate is determinate: 


_ fm U- 60-2) 
K MIT — B11 — oo) 


(ii) When currency f is dominated in rate of return (IIf > Tl), the coexistence 
results are the symmetric opposite to those of Case 1. 


The intuition for the results follows directly from the special case we studied in 
the previous propositions. In i(b) and i(c), the exchange rate depreciates according 
to (20). These results show, as in standard international monetary models, that the 
higher the Home country’s inflation rate is, the faster its currency depreciates. We 


13The proof of this result can be found in Gomis-Porqueras, Kam, and Waller (2015). A proof for a more 
general setting, where agents can also trade internationally in the DMs, can be found in our online Appendix. For 
further analysis of the model parameter space where one obtains determinate or indeterminate nominal exchange 
rate, we also refer the reader to Gomis-Porqueras, Kam, and Waller (2015). 
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also see that if it is relatively harder to counterfeit the Home currency, then it will be 
more valuable relative to the Foreign currency. 

An interesting feature of i(b) is that even if the Home currency is dominated in 
rate of return, it still circulates as a medium of exchange. In this equilibrium, it is 
costly to counterfeit the Home currency (« is large) but not the Foreign currency 
(«/ is small). As a result, even though it has a better rate of return, sellers restrict 
the quantity of the Foreign currency they are willing to accept because they are 
concerned about counterfeiting. In equilibrium, sellers accept the Foreign currency 
first but only up to a point, and further purchases of goods are done with the Home 
currency. This describes countries that are “dollarized”—the Home currency has a 
worse rate of return, yet the Home currency is not driven out of circulation by the 
stronger Foreign currency. 

Although we have taken « and «/ to be exogenous, one could interpret them as 
being responsive to policy actions. If the Home country undertakes policies to make 
its currency harder to counterfeit, then equilibrium i(c) above suggests that this will 
cause the Home currency to appreciate in value (a fall in e). Since it is harder to 
counterfeit the Home currency, sellers are willing to accept a larger quantity of the 
Home currency. This in turn raises the demand for Home currency relative to the 
Foreign currency. 


V. Conclusion 


In this paper we presented a search theoretic model of two fiat currencies to study 
the properties of nominal exchange rates when agents face private information. 
Agents have no restrictions on what divisible fiat currency can be used to settle 
transactions. Buyers may counterfeit both fiat currencies at a fixed cost while sellers 
cannot distinguish between counterfeit and genuine fiat currencies. This informa- 
tional problem gives rise to endogenous liquidity constraints that specify a seller’s 
upper bound on how much fiat currency they are willing to accept. These liquidity 
constraints have the property that the marginal liquidity value of an additional unit 
of currency beyond the endogenous binding liquidity constraint is zero. The binding 
nature of these liquidity constraints is key in determining nominal exchange rates. 

When endogenous liquidity constraints on both currencies are binding and the 
currencies are identical in every respect, we obtain the surprising result that the 
nominal exchange rate is the ratio of the two money stocks, thus breaking the nomi- 
nal exchange rate indeterminacy of Kareken and Wallace (1981). When the Foreign 
currency has a higher rate of return but a lower counterfeiting cost, then the buyer 
will first pay with the Foreign currency up to the bound and use domestic currency 
to pay for the remainder of the goods purchased. Because of this, both currencies 
can circulate even though one currency is dominated in its rate of return. Also, 
because of this, we can have equilibrium cases in which only one currency emerges 
as an international currency, while the other currency circulates only locally. The 
private information problem explored in this paper allows us to break the Kareken 
and Wallace (1981) indeterminacy result and provides a rationalization of why cur- 
rencies with dominated rates of return remain in circulation (apart from obvious 
explanations in terms of legal restrictions) as media of exchange. 
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